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Abstract. The article presents a solution to the problem of finding the optimal ratio of the height of 
the cross-section to the width for a rectangular and box-shaped section in the case of oblique bending 
and eccentric compression. Optimization is performed according to the strength criterion, and for the 
case of oblique bending of a rectangular beam, a solution was also obtained from the condition of a 
minimum full deflection. For a rectangular section, the solution is made analytically, and for a box 
section, numerically using the MATLAB environment and the Optimization Toolbox package. As a 
numerical method of nonlinear optimization, the interior point method is used. To simplify the solu-
tion, the box section is assumed to be thin-walled, i.e. it is assumed that the wall thickness is signifi-
cantly less than the height and width of the cross section. An estimate of the error of such an assump-
tion is also performed. It has been established that in the case of oblique bending of a rectangular 
beam, when optimizing according to the strength criterion, the optimal ratio of the cross-sectional 
height to width is equal to the cotangent of the angle between the force plane and the vertical axis, and 
when optimizing according to the rigidity criterion, it is the square root of the cotangent of this angle. 
In the case of eccentric compression of a rectangular beam with eccentricities in two planes, the opti-
mal ratio of the height of the cross section to the width is equal to the ratio of the eccentricity along the 
vertical and horizontal axes. For a box-shaped section, graphs of the change in optimal parameters de-
pending on the angle between the force plane and the vertical axis in the case of oblique bending, as 
well as depending on the ratio of eccentricities along the axes in the case of eccentric compression, are 
plotted. 
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1. INTRODUCTION 

The task of finding the optimal forms of the bars cross sections always been important, since the 
bar elements are widely used in load-bearing structures. The first studies on this topic were based on 
analytical approaches, and later on, numerical and numerical-analytical methods began to be used to 
solve this problem [1-3]. 

In the literature, there are a large number of solutions to optimization problems for bar elements. 
The main optimization method is the creation of a variable cross section along the length of the bar. 
This method is used, for example, in [4-10] and others, while the configuration of the cross section 
does not vary. 

As for the search for optimal ratios of the cross section dimensions and its shape, there are relative-
ly few such works. The article [11] considers the problem of two-criteria optimization of monosym-
metric sections of an open profile with pure bending. The optimization criteria are the cross-sectional 
area and deflection of the structure. The problem of two-criteria optimization is also presented in [12]. 
In this article, in addition to bending moments in one plane, the action of axial forces is taken into ac-
count. 

In [13], the efficiency of various monosymmetric sections in pure bending is compared, including 
I-beam, box-shaped, octagonal and other more complex ones. A similar problem is posed in [14], 
however, there, the stiffness not only in bending, but also in torsion, acts as optimization criteria. In 
[15], the optimization of the cross sections of cold-formed steel profiles is carried out from the condi-
tion of maximum dissipation of the strain energy during bending in one plane. For optimization, the 
particle swarm method is used in combination with the finite element method. The paper [16] presents 
the first successful application of topological optimization to the design of beams cross sections. In 
articles [17-18], the optimization of the cross-sectional geometry of the chords of trihedral lattice sup-
ports made of thin-walled profiles in the form of a pentagon is carried out according to the stability 
criterion. The pentagonal profile is also considered as a section of truss chords, and for the purpose of 
using it in such structures, its geometry is optimized in [19-20]. The article [21] is devoted to the op-
timization of cold-formed thin-walled channels with an open or closed profile of hinged shelves expe-
riencing pure bending. The solution is carried out analytically, restrictions on strength, as well as gen-
eral and local stability are introduced. 

The review shows that in most publications, when solving optimization problems, the simplest 
types of bar deformations are considered, mainly bending in one plane, and the cases of complex re-
sistance are practically not affected. An urgent task is to develop methods for calculating and optimiz-
ing elements in more complex cases of a stress state [22-24]. The work [25] presents a solution to the 
problem of optimizing a rectangular cross section of a bar under oblique bending from the strength 
condition. Such cross-sectional dimensions b and h are found at which the stresses do not exceed the 
design strenth R at the minimum cross-sectional area. In some cases, the limiting condition, on the ba-
sis of which the final dimensions of the cross section are determined, is not the condition of strength, 
but the condition of rigidity. It is also obvious that a rectangular section in terms of material consump-
tion is not the most optimal for oblique bending. Less material consumption can be achieved by using 
a box section [26-27]. In addition to the action of bending moments in two planes, rectangular and 
box-section elements can experience the action of axial forces (the case of eccentric compression with 
eccentricities in two planes). This article discusses the solution of optimization problems for a rectan-
gular and box-shaped section in two cases of complex resistance: oblique bending and eccentric com-
pression with eccentricities along two axes. 



Строительные материалы и изделия/Construction Materials and Products. 2023. 6 (5) 
  

 

3 

2. METHODS AND MATERIALS 

For a rectangular section, the optimization problem can be solved analytically. Consideration will 
begin with the case of an oblique bending of a bar (Fig. 1). 

 
Fig. 1. Rectangular cross-section of a bar undergoing oblique bending. 

 
Let us first perform optimization from the condition of minimum deflection. The material is as-

sumed to be elastic, equally working in tension and compression. Let the plane of action of the load 
form an angle α with the z axis. If, in a straight bending, the maximum deflection is determined as 

,max
kw

EI
=  (1) 

 
where EI is the rigidity in the plane of bending, k is a certain coefficient depending on the magnitude 
of the load and span, then in case of oblique bending the components of the total deflection along the y 
and z axes will be calculated as follows: 

sin ;y
z

kf
EI

α
=  

cos .z
y

kf
EI

α
=   

(2) 

 
Full deflection is defined as: 

2 2
2 2 cos sin .y z

y z

kf f f
E I I

   α α
= + = +       

 (3) 

 
The optimization problem is set as follows. It is required to find such a ratio between the dimen-

sions of the cross section b and h, so that at a constant consumption of material, i.e. constant area A, 
the beam deflection is minimal.  

To solve the problem, the moments of inertia are expressed in terms of A and b: 
3 3

2 ;
12 12y
bh AI

b
= =   

3 2
.

12 12z
b h b AI = =   

(4) 

 
Substitution of (4) into (3) leads to the following expression: 
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2 22

2 2
12 cos · sin .k bf
EA A b

 α α = +       
 (5) 

 
To find the minimum point of this function, it is differentiated with respect to b and the derivative 

is equated to zero: 
2 3 2

5 4

2 4 2

4 4

sin cos
24 0;

sin cos

b
b Adf k

db EA b
b A

 α α
− +  
 = =

α α
+

  

2 3 2

5 4
sin cos 0;b

b A
α α

− + =   

4 2
8

2
sin ,

cos
Ab α

=
α

   

(6) 

 
from which is follows 

4 sin .
cos

b A α
=

α
 (7) 

 
Then 

4 cos ,
sin

Ah A
b

α
= =

α
 (8) 

 
and the optimal ratio h/b will be equal to 

.h
b

ctg= α   (9) 

 
If it is required to find the optimal dimensions of the cross section h and b for a given allowable 

deflection [f], then this can be done as follows. Substituting (7) and (8) into (5), we get: 

[ ]2
12 2 sin cos .kf f

EA
= α α ≤   (10) 

 
From (10), the required cross-sectional area is determined as: 

[ ]
12 2 sin cos .kA
E f

= α α  (11) 

 
Knowing A, one can find b and h using formulas (7)-(8). 
In a similar way, optimization from the strength condition can be performed. Let us pose the 

optimization problem somewhat differently than in [25]. Let us find such a ratio between the 
dimensions b and h in order to minimize the greatest stress in the cross section at a constant material 
consumption. 

,y z
max

y z

M M min
W W

σ = + →   (12) 

 
where My and Mz are bending moments about the axes y and z, Wy and Wz are the corresponding 
moments of resistance.. 

Moments My and Mz in formula (12) are assumed to be positive. 
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The bending moments My and Mz are represented as follows: 
cos ;

sin ,
y

z

M M

M M

= α

= α
  (13) 

 

where 2 2 .y zM M M= +   
The moments of resistance are expressed in terms of b and A: 

2 2 2
; .

6 6 6 6y z
bh A b h bAW W

b
= = = =  (14) 

 
Substituting (14) and (13) into (12), after minor transformations, one can get: 

6 cos · sin .max
M b
A A b

aa  s = + 
 

 (15) 

 
Let us take the derivative of (15) with respect to b and equate to zero: 

2
6 cos sin 0.maxd M

db A A b
s aa  = − = 

 
 (16) 

 
From (16) it follows: 

sin ;
cos

b A α
=

α
 

cos ;
sin

Ah A
b

α
= =

α
  

cos .
sin

y

z

Mh
b M

α
= =

α
  

(17) 

 
To determine the optimal dimensions of the cross section for a given design strength R, expression 

(17) is substituted into (15). As a result: 

3 3
2 2

1212 sin cos ,y z
max

M MM R

A A

aa
s = = =  (18) 

 
from which it follows  

2
312

.y zM M
A

R

 
 =
 
 

 (19) 

 
Next, one can find the dimensions b and h: 

1 1 2
3 3 3

1 2 1
3 3 3

12 ;

12 .

y z

y z

b M M
R

h M M
R

−

−

 =  
 

 =  
 

  (20) 
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The obtained formulas (20) coincide with the solution presented in [25]. 
Similarly, optimization of the rectangular cross section dimensions under eccentric compression 

can be performed. 
The calculation scheme of an eccentrically compressed element is shown in Fig. 2. 
 

 
Fig. 2. Calculation scheme of an eccentrically compressed element of a rectangular cross section. 

 
As before, it is assumed that the material resists both tension and compression equally. The 

calculation is carried out according to a non-deformable scheme, assuming that the deflection of the 
element does not lead to a noticeable increase in bending moments. Optimization is performed from 
the strength condition. The objective function is the maximum stress in absolute value, which is 
calculated as follows: 

.y z
max

y z

M M F min
W W A

σ = + + →  (21) 

 
The bending moments My and Mz are written as: 

;

.
y z

z y

M F e

M F e

= ⋅

= ⋅
 (22) 

 
Taking into account (22) and (14), formula (21) takes the form: 

6 .yz
max

ee bF F
A A b A
 

σ = + + 
 

 (23) 

 
Differentiating (23) with respect to b and equating to zero, we get: 

2
6 0,ymax z ed eF

db A A b
σ  

= − = 
 

 (24) 

 
from which it follows 
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;

.

y

z

z

y

e
b A

e

eAh A
b e

=

= =

  (25) 

 
The optimal ratio h/b turns out to be equal to the ratio of eccentricities: 

.z

y

eh
b e
=  (26) 

 
The obtained solution is also valid for the case of off-center tension. 
To find the dimensions of the cross section for a given design strength, one should substitute (25) 

into (23): 

3
2

12
.y z

max
F e e F R

A
A

σ = + =  (27) 

 
Let us multiply (27) by 3/2A  and introduce the variable t A= . Then the problem of determining 

the optimal dimensions of the cross section for a given design strength will be reduced to a cubic 
equation for t: 

3 12 .y zRt F e e Ft= +  (28) 

 
Next, the minimum positive root of this equation is found, then the cross-sectional area A = t2 and 

the dimensions b and h are calculated according to formulas (25). 
Let us further consider the technique for optimizing the box section (Fig. 3). 
 

 
Fig. 3. Box cross section. 

 
Let us find such a ratio between the dimensions h and b, which ensures the maximum load-bearing 

capacity at a constant material consumption. For simplicity, it will be assumed that the section is thin-
walled, i.e. h ≫ δ and b ≫ δ. 

The cross-sectional area will be written as: 
( )2 .A b h= + δ  (29) 
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Axial moments of inertia are calculated as follows: 

3 2

3 2

2 ;
12 4

2 .
12 4

y

z

h b hI

b h bI

 δ δ
= +  

 
 δ δ

= +  
 

 (30) 

The moments of resistance are written as: 
2

2

2
4 ;

12 4 3

2 4 .
12 4 3

y
y

z
z

I h b h hW h b
h

I b h b bW b h
b

 δ δ  = = + = δ +       
 δ δ  = = + = δ +       

 (31) 

 
The maximum stress, as before, is determined by formula (12). 
The moments of resistance are expressed in terms of A, δ and b: 

2 ;
2 2 6 3

2 .
2 3

y

z

A A Ah b W b b

AW b b

  = − → = δ − +  δ δ δ  
 = δ − δ 

 (32) 

 
Then the formula for maximum stress will take the form: 

cos sin .
2 2

2 6 3 2 3

max
M

A A Ab b b b

 
 aa  s = +

δ      − + −     δ δ δ     

 (33) 

 

Let us introduce the quantities 
2
A p=
δ

– the semiperimeter of the section and x = b/p , x ∈ (0;1). 

Then formula (33) takes the form: 

( )
2

cos sin  .
1 2 21 1
3 3 3

max
M
p x x x x

 
 aa  s = +

    δ − + −        

 (34) 

 
The results of the search for the minimum of function (34) will be given further in the next section. 

To find the minimum point, the Optimization Toolbox package of the MATLAB environment was 
used. The nonlinear optimization problem was solved using the interior point method [28, 29]. 

In the case of eccentric compression, the maximum modulus stress, when considering a box-shaped 
section as a thin-walled one, will be written in the form: 

( )

2 2
2 6 3 2 3

// 1 .
1 2 2 21 1
3 3 3

yz
max

yz

FeFe F
A A A Ab b b b

e pe pF
p x x x x

σ = + + =
    δ − + δ −    δ δ δ    
 
 
 = + +

δ     − + −        

 (35) 
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The multiplier in front of the bracket at a constant material consumption is a constant, so the 

problem of finding the minimum point of the function |σmax| is equivalent to the problem of finding the 
minimum of the function 

( )
1

// 1 .
1 2 2 21 1
3 3 3

yz e pe pf
x x x x

= + +
   − + −   
   

 
(36) 

In turn, if xopt is the minimum point of the function f1, it will also be the minimum point of the 
function 

( )

1
2

1
/12 .

1 2 21 1
3

1

3 3

y z

z

f e e
f

e p x x x x

 
−  

 = = +
    − + −        

 (37) 

 
The results of the search for the minimum of the function 2f  will be given in the next section.  

3. RESULTS AND DISCUSSION 

Figure 4 shows the dependence of the stress σmax at oblique bending on x for various values of α (at 
M, δ, p = const). Each of the graphs has a clearly defined minimum point xopt. The plot of the 
dependence of the optimal value xopt on the angle α is shown in Fig. 5. For direct bending in a plane 
xOz (α = 0) the optimal value of x is 0.25, and the corresponding ratio h/b = 3. For direct bending in a 
plane xOy (α = π/2) xopt = 0.75, and h/b = 1/3. At α = π/4 xopt = 0.5, and h = b. This result agrees with 
the solution obtained in [26–27]. Note that for a rectangular section, in contrast to a box-shaped one, 
with a direct bending in the xOz plane, the optimal h tends to infinity, and b tends to zero. 

 

Fig. 4. Dependence of σmax on x for different values of α. 
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Fig. 5. Dependence of the optimal value xopt on the angle α. 

 
Also, to analyze the influence of the wall thickness on the optimal value of x, the problem was 

solved taking into account the real dimensions of the cross section. For this, the axial moments of 
inertia were calculated by the formulas: 

( )( )

( ) ( )

33

33

2 2
;

12 12
2 2

.
12 12

y

z

b hbhI

b hb hI

− δ − δ
= −

− δ − δ
= −

  (38) 

 
The calculation was carried out at δ = 4 mm, p = 200 mm (at b = h such dimensions correspond to a 

square pipe 100x100x4). Table 1 shows a comparison of the optimal values of x, obtained without tak-
ing into account and taking into account the wall thickness. 

Table 1. Optimal x values obtained without and with taking into account the wall thickness. 

,α degrees 0 10 20 30 40 45 

xopt 

without taking into 
account the thickness 

0.25 0.3674 0.4183 0.4546 0.4854 0.5 

taking into account 
the thickness 

0.2507 0.3718 0.4213 0.4564 0.4860 0.5 

 
Table. 1 shows that the results differ slightly. Thus, it can be concluded that the optimal ratio 

1h x
b x

−
=  does not depend on the wall thickness. 

Fig. 6 shows the graphs of the dependence of the function 2 ( )f x  that determines the maximum 
stresses in the box section under eccentric compression for various ratios ey/ez. 
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Fig. 6. Plots of f2(x) for different ratios ey/ez. 

 
Fig. 7 shows a plot of the optimal x value versus the ey/ez ratio. At the eccentric compression with 

eccentricity only along the z axis (ey/ez = 0): xopt = 0.25, which corresponds to h/b = 3, and in the pres-
ence of eccentricity only along the y axis (ey/ez →∞) xopt asymptotically approaches the value 0.75, 
which corresponds to the relation h/b = 1/3. With the same eccentricities in two planes, xopt = 0.5, i.e. 
b = h. 

 
Fig. 7. Dependence of the optimal value xopt on the ratio of eccentricities. 
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4. CONCLUSIONS 

1. The problem of optimizing the dimensions of a rectangular cross section under oblique bending 
was solved analytically. When optimizing according to the stiffness criterion, the optimal ratio of the 
height of the cross section to the width h/b is equal to ctgα , where α is the angle between the verti-
cal axis and the force plane. In the case of optimization according to the strength criterion, the optimal 
ratio of the height of the cross section to the width is equal to ctgα . 

 2. An analytical solution to the problem of finding the optimal ratio h/b of a rectangular cross sec-
tion under off-center compression with eccentricities in two planes is obtained. The optimal ratio h/b is 
equal to the ratio of the eccentricities along the z and y axes. 

3. The problem of optimizing the geometry of a box section with oblique bending is solved numer-
ically. It has been established that in the particular case with direct bending (α = 0), the optimal ratio 
of the height of the box section to the width is equal to 3. The thickness of the wall of the box section 
does not significantly affect the optimal ratio h/b. 

4. A numerical solution is obtained for the problem of finding the optimal ratio h/b of a box section 
under eccentric compression. If there is eccentricity along only one axis, the size of the section along 
this axis must be 3 times the size along the other axis. 
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