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Abstract. Based on the experiments conducted by the authors, a six-parameter failure criterion for
concrete has been developed, which makes it possible to take into account the volumetric stress state
in strength calculations of massive concrete and reinforced concrete structures. The developed strength
criterion is adapted to a spatial eight-node finite element (solid type) and implemented in the PRINS
software. To verify the developed criterion, the work provides a com-parison with both experimental
data and calculation results that meet other strength criteria widely used for concrete. Thus, the com-
pression and tension meridians of the developed fracture criterion were compared with experimental
data, as well as with the Willam & Warnke criterion and the modified Drucker & Prager criterion with
Mohr & Coulomb constants. A comparison of compression meridians shows that in the mode of low
hydrostatic stresses (ot /R, <1), these criteria converge with each other and with experimental data.

In the mode of average hydrostatic stresses (1< oyt /Ry <2), the criterion proposed by the authors

and the Willam & Warnke criterion show similar results, while the modified Drucker & Prager criteri-
on shows on 20% overestimation of the failure value.
In the mode of high hydrostatic stresses (2 <oyt /Ry <3,5), the Willam & Warnke criterion in com-

parison with the proposed criterion and experimental data, gives an underestimated value of concrete
failure.
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1. INTRODUCTION

Strength calculations of concrete and reinforced concrete structures should be made taking into ac-
count the volumetric stress state using numerical methods, in particular, the finite element method [1,
2]. When constructing finite element models, reliable, experimentally verified failure criterion must be
used.

According to the authors of this article, it is impossible to obtain a reliable concrete failure criterion
in a purely theoretical way. Therefore, to develop such a criterion, it is necessary to use experimental
and theoretical methods.

The problem of phenomenological theories of concrete strength and their analysis is carried out in
[3-5].

To solve this problem, this article presents a methodology for experimental research aimed at de-
termining the strength of concrete under volumetric stress conditions.

A large number of works by both foreign [6-8] and russian [9-11] researchers are devoted to the
study of the strength and deformation of concrete and reinforced concrete elements under the influence
of a triaxial stress state.

However, reliable testing of concrete for uneven triaxial compression is quite expensive. To carry
them out, it is necessary to manufacture a special testing machine that can provide the required lateral
compression of concrete speci-mens in different modes [12].

Due to limited material and technical resources, the authors of this article con-ducted triaxial tests
of concrete under conditions of uniform lateral compression of concrete specimens.

Thus, for the experiments, a series of specimens were made, the concrete body of which was en-
closed in a steel cage.

To regulate the amount of lateral compression of concrete, steel cages of vari-ous diameters with
different heights and wall thicknesses were used.

Based on the results of the experiments, a six-parameter concrete failure criterion was developed,
adapted to an eight-node finite element (solid type).

The proposed failure criterion and the corresponding surface in the space of principal stresses can
be considered as a failure surface in the case of a model of brittle fracture of concrete in a compressed
area, and also interpreted as a limiting yield surface in the case of a model of concrete as an elasto-
plastic material.

The specified finite element is implemented in the PRINS software.

2. METHODS AND MATERIALS

Testing concrete for uneven triaxial compression
For the experiments, cages with a diameter of 114, 127, 150, 159 mm and a height of 90, 140, 250,
288 mm were used. A total of 19 specimens were manufactured.
The average value of concrete strength for uniaxial compression was deter-mined on cylinder spec-
imens with a diameter of 150 mm and a height of 300 mm amounted to R, =57 MPa.

To study the stress-strain state of the specimens, strain gauges BX 120-5AA with a resistance of
120 Ohms were glued to the steel cage.
The experiments were carried out on the Matest testing machine (Fig. 1).
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During the experiments, the load applied to the specimens and the deformations of the steel cage
were recorded synchronously, which made it possible to analyze the stress-strain state of each speci-

mens.

The tests were carried out with a constant loading rate of 2 kN/s. The failure of the specimens was

Fig. 1. General view of the specimens.

a drop in the applied load to 60% of the peak value.

The normalized strength of concrete based on test results, expressed in terms of stresses on the oc-

tahedral areas ot /R, and zq.t /Ry is given in Table 1.

Table 1. Experimental results.

Number | Specimens name Normalized strength
ookt /Rb 7okt /Ro
1 C16.9-3 0.953 1.025
2 C13.9-3 1.169 1.249
3 C11.9-3 1.429 1,571
4 C16.9-4 1.293 1.398
5 C13.9-4 1.588 1.709
6 C11.9-4 1.953 2.162
7 C16.14-3 1.068 1.187
8 C13.14-3 1.160 1.235
9 C11.14-3 1.251 1.318
10 C16.14-4 1.445 1.613
11 C13.14-4 1.533 1.628
12 C11.14-4 1.653 1.738
13 C16.25-3 1.132 1.278
14 C13.25-3 1.160 1.237
15 C11.25-3 1.274 1.351
16 C16.25-4 1.613 1.850
17 C13.25-4 1.533 1.628
18 C11.25-4 1.720 1.832
19 C15.28-4 1.273 1.380

The form of destruction of the specimens (Fig. 2) indicates that under conditions of uneven triaxial
compression, concrete is characterized by pronounced plastic deformation. This circumstance is ob-
served at average (hydrostatic) stress values of o > 2R;,. Researchers came to similar conclusions in

articles [13].
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Fig. 2. Specimen failure form.

Geometric interpretation of the stress state at a point
Let us consider the deviatoric section of a certain fracture surface Q. The central axis of this sur-
face coincides with the hydrostatic axis d . Let us assume that the principal stresses oy, o,, o3 are

found at a point on a solid body and their directions are determined. Let's choose these directions as
coordinate axes, as shown in Fig. 3.

The stress state at point can be represented by the vector OP, the components of which are the
principal stresses o7, o, and o3. Let us decompose this vector into two components: vector ON,
directed along the hydrostatic axis d and vector NP, lying in the deviatoric plane.

Fig. 3. Geometric interpretation of the stress state at a point.

Therefore, the vectors ON and NP have coordinates:

ON=O'0(il+i2+i3), NPZS:|_i1+32i2+S3i3, (1)
where iy, iy, i3, and are unit vectors of the coordinate axes oy, o, and oy respectively.
The lengths of the |ON| =¢ and |NP| =r vectors are determined from the following relations:

§:%|1(TG)ZJ§%H, r=/215(Dy) = 3rgy7 ey
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where o and 7o are normal and shear stresses on the octahedral areas, 1;(T,,) and 1, (D, ) are
the first invariant of the stress tensor and the second invariant of the stress deviator.

Thus, the vector ON determines the hydrostatic component (5) and NP — the deviatoric compo-
nent (r) of the total stress state at point P .

The angle of the stress state @ is found from the condition:

cosezé(NP-e). 3)
Whence
coso= 2 261_02_62 2 (4)
\/2(0'1—0'2) +2(0p—03)" +2(03-07)
or
cos36?=3\/§ 's(Oc) =\?{§ I3(Dy ). (5)
2 \/['2([)0)}3 FokT

where I3(D, ) is the third invariant of the stress deviator.
The derivation of formulas (2), (4) and (5) is given in the monograph [14].

3. RESULTS AND DISCUSSION

Relations for the fracture surface curve in the deviatoric plane
If consider concrete as an isotropic material, then its fracture surface in the space of principal
stresses oy — o, —o3 Will be a surface of rotation symmetrical relative to the hydrostatic axis (Fig. 4,
a).
In Fig. 4, b shows the deviatoric section of such a fracture surface. Since this section has triple
symmetry, it is enough to know the equation of the curve within the 0< < z/3 — sector. For this, we
use polar coordinates, as shown in Fig. 4, b.

To represent the deviatoric section curves of the fracture surface, the approach of Willam & Warn-
ke [15] was used.

a b

O3 g

Fig. 4. Concrete fracture surface: a — general view in the coordinate system oy —o, —o3; b — devia-
toric section.



CrpoutensHble MaTepuaisl u usgeans/Construction Materials and Products. 2023. 6 (6)

The equation of an elliptic curve within the specified sector with semi-axes a and b (Fig. 5) has
the form:

f(xy)=2o+L —1=0. (6)

Fig. 5. Elliptic curve of concrete failure surface for sector 0< 8 < /3.

The coordinates of the normal vector to the ellipse at point P, (m, n) are determined by differentia-
tion (6):

of /ox T
. \/(8f/6x)2+(6f/8y)2 _ m/a’ | n/b? @
\/ 6f2/ay = \/mz/a"'+n2/b4 \/mz/a4+n2/b4
(of /ox)” +(of /oy)

The equations for determining the dimensions of the semi-axes of an ellipse are written as follows:

2

5r, —4r, 4r, —5r,
Using the relationship between cartesian and polar coordinates, we obtain that

x=r(0)sind, y=r(6)cosd—(r—h). (9)
Substituting into equation (6), we get:
2 2
[r(0)sing] N [r(0)cos0—(r ~b)] n (10)
a’ b?

By making simple mathematical operations, the length of the radius vector r within the
0< 6 < /3 — sector can be determined by the formula:
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) 2rc(rC2—rt2)cose+ re (25 —rc)\/4(r02—rt2)c0326+5rt2—4rtrc )
r(0)= :
4(r¢2 - rtz)cos2 0+ (1, — 21, )2

It is obvious that at r, =r, the deviatoric section will be a circle, and the fracture surface will de-

generate into a conical surface symmetrical relative to the hydrostatic axis.
Relations for the compression and tension meridians of the fracture surface

For the meridional curves of the fracture surface, an equation is adopted that relates normal and

shear stresses on octahedral areas:
1
fokT _1-0.

I'(GokT,e) Rb

f (6) =f (GokT 1 TokT "9) = (12)

In this case, the tensile (9=0) and compression (& =7/3) meridians of the fracture surface are
described by quadratic functions:

T, f O, (o 2 (13)
okT t okT okT
oKL - A+ A +A2[_j , at6=0,
( Ry l Ro+/3 Ry Ry
2
[Mj = r_c — BO + Bl OokT + B2 [o-OkT \J , at O = 71./3’ (14)
Ry ) RpV3 Ro R

where Ay, A, Ay and By, By, B, are the criterion parameters.
To determine the criterion parameters Ay, A, A, and By, By, B, for a specific class of concrete,
it is necessary to conduct five standard tests (Table 2).

Table 2. Concrete testing.

Standard concrete test ookt /Rb TokT /R Angle 6
1. Uniaxial compression, 1 J2 7/3
o3=—Ry, oy=0,=0 3 3
2. Uniaxial tension, le J2 - 0
01=Rpt, 03 =03=0, Ry =112 3™ 3 o
3. Uniform biaxial 2 = J2 - 0
compression, —3 Rec 3 Roc
09 =03 :_Rbc’ O'1=O, RbC =1,4*
4. Uniform triaxial tension ookt /Ro :(3?0, 0 0, 7/3
(o1=0p=03=Ry), & >0
01720, 0p#0, 03#0
5. Triaxial compression in low compres- | &+ /R, =&, 01#20, 0, #0, 7/3
sion mode (o3 > 01 =0y, 6=7/3) E >0, o3#0,
7okt /Ry =Te G =1.273*,
T, =1,380**

* According to the results of tests Telichko V.G. & Ziborova L.A. [16]
** According to the authors' test results
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On the tension meridian (6=0) there are points of uniaxial tension (Ry;) and uniform biaxial
compression (R, ) and on the compression meridian (& = z/3) there are points of uniaxial (R, ) and
uneven triaxial compression in the low lateral pressure mode (o3 > 01 =07). In this case, the top of

the fracture surface corresponds to the point of uniform triaxial tension (o1 =0, =03).

Using concrete test results (table 2), each of equations (13) and (14) forms a system of three inde-
pendent equations.

So, for the tension meridian (9 = O) :

J2 o 1, = 1,50 25 2 - 4 -
MRy = A —= ARy +=ARE, SRy, = A += ARy +— AR,
3 ot = A2 AoRor + 5 ARG, = Rpe = A+ 2 AR + 0 AgRic (15)
0=A - Ayl + AgEf .
For the compression meridian (6 = 7/3):
J2 1. 1 _ .
=3 ~Bit3Ba+ghs T =B+ ByZo + B,
(16)

0=B; — By, + By’

Solving equations (15) and (16) relative to Ay, A, A, and By, By, B,, we obtain the required
criterion parameters:

A= AoBy - AE2, P =

— 1- ’
_°R
o 3 7ot
N E+2R
2| — _ S0 ™ 5 Rbe
S| Roe —Rot ——5 (19)
§O_§Rbt
fe = — 2
R
4g2 72 (lga 72 §0+3 be
g e S g bt S 1
§O_§Rbt

and

B, =By —Bs5”, By =
; (3% +1)-V2(% + &) 0
3 = .
72 g2\ =z ,1 z g\ z2 1
3(& % )(50 +3]+3(§o +§c)[éo —gj
For an arbitrary angle of stress state @, the deviatoric coordinate r(&) is determined by formula
(11) depending on the values of 1, = \/§FtRb and r, = \/§FCRb . In its turn, the coordinate & = \/§§_Rb .

In Fig. 6 and Fig. 7 shows a comparison of the compression (& = 7/3) and tension (6 =0) meridi-

ans of this fracture criterion with experimental data [17-18], as well as with the Willam & Warnke cri-
terion [15] and the modified Drucker & Prager criterion with Mohr — Coulomb constants.
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— obtained criterion hfakT/ Ry
—————————— — Willam & Warnke criterion
L, === modified Drucker & Prager 1
N criterion
A — results of experiments by authors | 4,00
® - results of experiments by Richard —
O —results of experiments by Balmer —- 3,60
4 —results of experiments by NIIZHB __|
S +—3,20
= 2,80
-l [0}
. ™~ .
S 2,40
)
ol&
o 2,00
el
1,60
S
s‘ﬁ!‘ 1,20
.l
- 0,80
\\
N+ 0,40
|
N[ Ootr/ Ry

4,00 3,60 320 280 240 2,00 1,60 120 080 040 0 0,2
Fig. 6. Comparison of the compression meridian (49:;;/3) of this criterion with experimental data
and the Willam & Warnke, Drucker & Prager criteria.

————— — obtained criterion A Tokr /Ry
—————————— — Willam & Warnke criterion
L, == = modified Drucker & Prager s
N criterion
_ — 4,00
[0 - results of experiments 1
by Richard & Kupfer 1360
A 41320
2,80
2,40
~ 2,00
T~
T~ T~ AN
Einpyy 1,60
R N
RN 1,20
S 0,80
™. NB
~ 0,|40
N a"kﬂ Ry

400 3,60 3,20 2,80 2,40 2,00 1,60 1,20 0,80 040 ¢ 02
Fig. 7. Comparison of the tension meridian (¢9=O) of this criterion with experimental data and
Willam & Warnke, Drucker & Prager criteria.
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The following material parameters were used in the Willam & Warnke criterion [15]: Ry =1/12,
ﬁbc =14, (GO/Rb)C =-3,67, (TO/Rb)C =25 and (GO/Rb)t =-3,67, (TO/Rb)t =2,05.
The modified Drucker & Prager criterion, expressed in terms of stresses on the octahedral areas, is

written as:
v V2k —/6aE3R
r (f) \/éﬁf b )

(21)

where & = ZKT gng = ZoKT
Ry Ry
The parameters of the Drucker & Prager criterion associated with the Mohr —Coulomb constants
(cohesion ¢ and angle of internal friction ¢ ) are determined by the equations:

_ 2sing K= 6ccos g E - k 9
J3(3-sing)’ J3(3-sing)’ 07 3R, (22)
In its turn, the Mohr — Coulomb constants for concrete are determined from the conditions:
. -1 R, (1—sin 1
sm(pzm—, c:u, =—. (23)
m+1 2cosg Ryt

4. CONCLUSIONS

A comparison of compression meridians (9=7r/3) shows that in the mode of low hydrostatic
stresses (oot /Ry <1), these criteria converge with each other and with experimental data. In the

mode of average hydrostatic stresses (13 ookt /Rp < 2) , the criterion proposed by the authors and the
Willam & Warnke criterion show similar results, while the modified Drucker & Prager criterion shows
on 20% overestimation of the failure value.

In the mode of high hydrostatic stresses (2 <oyt /Ry <3,5), the Willam & Warnke criterion in
comparison with the proposed criterion and experimental data, gives an underestimated value of con-
crete failure.

It is worth noting that for o, /Ry > 2,5 there is a significant scatter in the experimental data, and

for oqkt /Ry >> 3 the strength of concrete has not been sufficiently researched experimentally.
Reliable experimental data on the tension meridian (0:0) are limited [19-21]. As can be seen

from Fig. 7 in the mode 3> o7 /Ry 21, the strength of concrete according to the proposed criterion
and the Willam & Warnke criterion corresponds to experimental data
At the tensile meridian (9 =0), the Drucker & Prager criterion shows an erroneously overestimat-

ed value of concrete failure. This is explained that the Drucker & Prager criterion in the space of prin-
cipal stresses represents a conical surface of rotation with straight meridians, symmetrical relatively to
the hydrostatic axis, which is equivalentto Ry =Ry, .

The accepted mathematical representation of the specified failure criteria is due to the convenience
of software implementation by the finite element method.

Thus, the proposed failure criterion and the corresponding surface in the space of principal stresses
can be considered as a failure surface in the case of a model of brittle fracture of concrete in a com-
pressed area, and also interpreted as a limiting yield surface in the case of a model of concrete as an
elastoplastic material.

The given failure criterion of concrete was implemented in the PRINS software [14]. It allows to
perform calculations of concrete and reinforced concrete structures according to the volumetric stress
state, using the finite element method in a physically nonlinear formulation.
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