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Abstract. Most wall panels in operating multi-storey residential buildings are in a complex stress-
strain state under the influence of vertical and horizontal loads, such as their own weight, wind, etc. 
These features must be taken into account in the calculation in order to ensure operational safety. The 
combination of vertical and horizontal forces acting simultaneously for three-layer bending elements 
leads to the fact that the boundary between the compressed and tensile zones not only moves from one 
layer to another, but also has a different geometric shape depending on the ratio between the vertical 
and horizontal load. The stress-strain state during the formation of normal cracks in three-layer benda-
ble reinforced concrete elements is caused by the impact on layers of different concretes. The for-
mation of normal cracks occurs due to the achievement of ultimate tensile strength by the most 
stretched concrete under the influence of external loads. Since three-layer reinforced concrete ele-
ments consist of two outer layers (reinforced concrete) and a middle layer (lightweight concrete), 
when such an element bends, the outer layers are subject to compression, and the middle layer is sub-
ject to tension. The boundary of the compressed zone can be located either in one of the outer layers or 
intersect the middle layer, which falls into both the compressed and stretched zones. To analyze the 
stress-strain state during the formation of normal cracks, it is necessary to take into account the fol-
lowing parameters: geometric characteristics of the element (dimensions and shape of the section, lay-
er thickness, etc.), physical and mechanical properties of concrete (compressive and tensile strength, 
elastic modulus, Poisson's ratio, crack resistance coefficient, etc.), characteristics of reinforcement 
(class, diameter, pitch of bars, etc.) and its location in the section. 
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1. INTRODUCTION 

The main starting points for the calculation of the formation of cracks in bendable three-layer rein-
forced concrete elements with outer layers of structural concrete and a middle layer of low-strength 
concrete are considered by the authors of a number of works [1-6]. Most of them, when constructing 
calculation models, take into account the effect of only one prevailing force influence, neglecting the 
rest, less significant ones. For example, for curtain wall panels - these are horizontal wind loads [7-
10], load-bearing walls - their own weight and the weight of overlying structures, floor panels and 
coatings - their own weight and technological or climatic influences. If the section of a multilayer 
structure experiences both vertical and horizontal impacts, the accuracy of the calculation is deter-
mined by modeling various possible cases of the position of the neutral line. 

When constructing a calculation algorithm for the formation of cracks during bending of multilayer 
structures with monolithically connected concrete layers of different strengths, the authors of the theo-
retical and experimental studies used and verified the basic principles for calculating reinforced con-
crete elements under plane bending: 

• sections remain flat after deformation; 
• the greatest relative elongation of the outermost compressed fiber of concrete is equal to 

; 
• stresses in the concrete of the compressed zone are determined taking into account the elastic de-

formations of the concrete; 
• stresses in the concrete of the tensile zone are distributed evenly and are equal  
When constructing the calculated dependencies, the difference in the strength and deformation 

characteristics of the outer layers made of structural concrete and the inner layer made of low-strength 
concrete is taken into account, as well as the presence of normal tensile forces caused by concrete 
shrinkage [11-16]. The location of the reinforcement bars in the section of the element is assumed to 
be discrete. 

2. METHODS AND MATERIALS 

When constructing a calculation algorithm for the formation of cracks during bending of structures 
caused by the simultaneous action of horizontal and vertical forces, the basic principles for calculating 
reinforced concrete elements under plane bending were used. 

The resultant of compressive forces in concrete can be represented by a certain integral of the dis-
tribution function of normal compressive stresses over the area of the compressed zone of concrete: 

 

 

(1) 

 
at voltage value 

 

 
(2) 

 
where is the maximum stress in the outermost compressed fiber of concrete; 

 – height of the compressed zone of concrete; 
 is the angle of inclination of the plane of action of the moment of external forces to the vertical. 

Depending on the angle of inclination of the force plane to the vertical, eight cases of the position 
of the neutral line in the section of the element are possible. Various cases of the position of the neu-
tral line and the stress-strain state adopted in the calculation for the formation of cracks are shown in 
Fig. 1. 
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Fig. 1. Various cases of the position of the neutral line when calculating the formation of cracks under 
the action of horizontal and vertical loads. 

 
Let's consider the derivation of calculation formulas for the compressed zone of concrete in the 

trapezoid formula (Fig. 1, case 2). 
 

 

 
 
 
 
 
 
 
 
 
 

(3) 
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where  – total width of the element section; 
 – the ratio of the initial elastic modulus of the middle thermal insulation layer to the 

initial elastic modulus of the outer layers. 
The stress of the most compressed concrete fiber in accordance with those accepted in Fig.1. nota-

tion equals: 

 
(4) 

 
After substituting (4) into (3), we obtain the final formula for determining the resultant compres-

sive forces in concrete: 
 

 

 
 
 
 

(5) 

 
where 

       
       

       
       

 
where  – tensile strength of concrete outer layers. 

Resultant of tensile forces in concrete: 
 

 

 

 
 
 
 
 

(6) 

 
where  

Static moment of the compressed part of the section relative to the x-axis: 
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(7) 

 

 
where  

 
Static moment of the compressed part of the section relative to the y-axis: 
 

 

 

 
 
 
 
 
 
 
 
 

(8) 

 
Static moment of the section of the tensioned part relative to the x-axis: 
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(9) 

 
Static moment of the section of the tensioned part relative to the y-aхis: 
 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

(10) 
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The coordinates of the center of gravity of the diagram of compressive and tensile stresses in con-
crete can be found by dividing the static moments of the compressed and tensile zones relative to the x 
and y axes by the value of the resultant compressive and tensile forces. Then the coordinates of the 
center of gravity of the compressive stress diagram relative to the y axis will be equal to: 

 

 

 
 

(11) 

 
The coordinates of the center of gravity of the compressive stress diagram relative to the x axis are 

determined by the following equation: 
 

 

 
 

(12) 

 
The coordinates of the center of gravity of the tensile stress diagram of the y axis is found from the 

expression: 

 

 
 

(13) 

 
The expression for determining the coordinate of the center of gravity of the tensile stress diagram 

relative to the x axis has the form: 
 

 

 
(14) 

 
The deformation in the i-th reinforcement bar is equal to (Fig. 2.1): 
 

 
(15) 

 
Considering that 

 
       

       
 
after substitution into (2.15) we get: 
 

 

(16) 

 
The force in the i-th reinforcement bar is equal to: 
 

 

(17) 
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Results and discussion 
To determine the height of the compressed zone of concrete, a condition is formulated for the sum 

of the projections of all acting forces on the longitudinal axis of the element to be equal to zero: 
 

 

 
(18) 

 

or in expanded form: 
 

 

 
 
(19) 

 
Solving equation (2.19) for x, we obtain an expression for determining the height of the com-

pressed zone of concrete: 
 

 

 
(20) 

 
where  – the ratio of the modulus of elasticity of the reinforcement to the initial modulus of elasticity 
of the concrete of the outer layers; 

N – longitudinal force due to concrete shrinkage; 
n – number of reinforcement bars in the section of the element. 
With a compressed zone of concrete in the shape of a rectangle (case 1,8) and a trapezoid (case 

5,7), the height of the compressed zone is determined by solving the quadratic equation. To determine 
the height of the compressed zone for a triangular shape (case 3), it is necessary to solve the cubic 
equation. 

The implementation of the developed calculation algorithm in practice when designing wall panels, 
which experience horizontal and vertical force loads during the operational stage, is focused on the use 
of modern software systems that significantly reduce the engineer’s labor costs while making it possi-
ble to increase the accuracy of calculations by taking into account relatively small effective loads. In 
such cases, they were not taken into account or were taken into account by introducing safety factors. 

Calculation of the formation of cracks in three-layer reinforced concrete elements during oblique 
bending with a multi-row arrangement of reinforcement along the cross-section is carried out based on 
the conditions: 

 

  (21) 
 

where  и  – moments perceived by a section normal to the longitudinal axis of the ele-
ment when cracks form in the direction of the x and y axes. 

 

 

 

 
 

(22) 
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where xN and yN are the coordinates of the point of application of the normal shrinkage force relative 
to the x and y coordinate axes. With N equal to the concrete shrinkage force P, the coordinates xN and 
yN will be equal: 

 

(23) 

 

(24) 

where  is the stress in the i-th reinforcement bar caused by concrete shrinkage. 
Calculation of crack formation is performed using the MATLAB software package. The program 

for calculating the formation of cracks in three-layer reinforced concrete elements covers all practical-
ly possible positions of the neutral line in the section when the angles of inclination of the plane of the 
resultant external forces to the vertical change from 0° to 90° with a given number of reinforcement 
bars located arbitrarily. 

The calculation is considered complete if the condition of parallelism of the plane of action of the 
moments of external and internal forces is satisfied. This condition can be achieved by performing a 
large number of computer cycles of calculation while gradually changing the angle of inclination of 
the neutral line to the horizontal. Initially, the angle of inclination is determined from elastic calcula-
tion. After determining the internal moments  and , perceived by the normal section dur-
ing the formation of cracks in the direction of the coordinate axes x and y, the tangent of the angle of 
inclination of the plane of action of the internal pair of forces to the vertical  is calculated. If, as 
a result of comparison, the tangent of the angle of inclination of the force plane is greater than 
the tangent of the angle of inclination of the plane of action of the internal pair of forces , then 
the tangent of the angle of inclination of the neutral line tgγ increases by a given step size (0.001). If 

is less than , then the tangent of the angle of inclination of the neutral line decreases by 
the same step. The calculation cycle ends if the difference between and , reaches the 
specified minimum (0.01). 

In the calculation program, additionally entered operators direct the machine to further solve the 
problem depending on the height of the compressed zone, determined as for an elastic body. The case 
is selected using boundary conditions: 

 

       
 
where – height of the compressed zone of concrete, determined from elastic calculation: 
 

       
 
If the condition is satisfied, the machine provides for determining the resultant forces in concrete 

and reinforcement, the coordinates of the points of application of the resultant forces in the com-
pressed and tensile zones of concrete relative to the x and y axes, and the moments of cracking in the 
direction of the x and y axes. 

The initial calculation data in the software package are: 
 – geometric parameters of the section, cm; 

 – thickness of outer layers, cm; 
 – thickness of the middle layer, cm; 

 – tensile strength of concrete of the outer layers and the middle heat-insulating 
layer, MPa; 

 – modulus of elasticity of reinforcing steel, MPa; 
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 – initial elastic moduli of concrete of the outer layers and middle layer, MPa; 
 – cross-sectional area of working reinforcement, cm2; 

 – longitudinal force due to concrete shrinkage, MPa; 
 – angent of the angle of inclination of the plane of action of the bending moment external 

forces to the vertical; 
 – number of rods in the element’s section, pcs; 

 – step size that decreases or increases ; 
 – specified calculation accuracy. 

The software package has been published: 
 – height of the compressed zone of concrete, determined from elastic calculation, cm; 

 – height of the compressed zone of concrete, found from the calculation of the formation cracks, 
cm; 

 – angle of inclination of the neutral line to the horizontal from the elastic calculation, series; 
 – angle of inclination of the neutral line based on formation cracks, row; 
 – moment of inertia of the section relative to the x-axis; 
 – moment of inertia of the section relative to the y-axis; 

 – torque generated by eccentric application load, kN·m; 
 – forces arising in reinforcement bars, kN; 

 – resultant forces in compressed and stretched zones concrete, MPa; 
 – coordinates of the point of application of the resultant force in compressed and stretched 

zones of the section relative to the y-axis, cm; 
 – coordinates of the point of application of the resultant force in compressed and stretched 

zones of the section relative to the x axis, cm; 
 – moments of crack formation in the direction x and y axes, kN·m. 

The calculation for the formation of cracks using the proposed formulas was performed in the 
MATLAB software package for reinforced concrete beams of solid rectangular and three-layer sec-
tions. The beams are designed from heavy concrete with a strength of 1 MPa and reinforced at the sec-
tion corners with class A3 (А400) rods with a diameter of 10 mm. 

The angles of inclination of the force plane to the vertical are assumed to be equal 0°, 15°, 30°, 45°, 
60°, 75°. 

When the angles of inclination of the force plane to the vertical change from 0° to 75°, the values 
of the moments during the formation of cracks smoothly change from the largest to the smallest values 
corresponding to the values of the moments during the formation of cracks during plane bending . 

The results of calculating the vertical and horizontal moments of cracking for beam samples at var-
ious angles of inclination of horizontal and vertical forces are given in Tables 1-8 depending on the 
thickness of the middle layer. 
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Table 1. Тhickness of the middle layer b2 = 0 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / 
b2, cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 0 3,5 0 

15° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 1,01 3,15 0,32 

30° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 1,6 2,4 0,67 

45° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 1,9 1,87 1,02 

60° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 2,1 1,3 1,62 

75° 1,5 / 12,5 0,25 / 0 1,5 / 
12,5 

4Ø10 А500 2,28 0,8 2,85 

Table 2. Тhickness of the middle layer b2 = 5 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / 
b2, cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 0 3,1 0 
15° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 0,9 2,7 0,33 
30° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 1,4 2,15 0,65 
45° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 1,75 1,7 1,03 
60° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 2 1,22 1,64 
75° 1,5 / 10 0,25 / 5 1,5 / 10 4Ø10 А500 2,21 0,8 2,76 

Table 3. Тhickness of the middle layer b2 = 7 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 0 2,7 0 
15° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 0,75 2,3 0,33 
30° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 1,25 1,9 0,66 
45° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 1,6 1,58 1,01 
60° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 1,9 1,12 1,70 
75° 1,5 / 9 0,25 / 7 1,5 / 9 4Ø10 А500 2,12 0,75 2,83 
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Table 4. Тhickness of the middle layer b2 = 9 cm. 

 Material characteristics Moments of 
cracking 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 0 2,5 0 
15° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 0,71 2,18 0,33 
30° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 1,2 1,8 0,67 
45° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 1,51 1,5 1,01 
60° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 1,8 1,12 1,61 
75° 1,5 / 8 0,25 / 9 1,5 / 8 4Ø10 А500 2,08 0,72 2,89 

Table 5. Тhickness of the middle layer b2 = 11 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 0 2,3 0 
15° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 0,65 2 0,33 
30° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 1,1 1,7 0,65 
45° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 1,42 1,4 1,01 
60° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 1,75 1,05 1,67 
75° 1,5 / 7 0,25 / 11 1,5 / 7 4Ø10 А500 2,02 0,7 2,89 

Table 6. Тhickness of the middle layer b2 = 13 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 0 2,1 0 
15° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 0,6 1,85 0,32 
30° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 1,05 1,6 0,66 
45° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 1,4 1,35 1,04 
60° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 1,7 1,05 1,62 
75° 1,5 / 6 0,25 / 13 1,5 / 6 4Ø10 А500 1,9 0,68 2,79 
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Table 7. Тhickness of the middle layer b2 = 15 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 0 1,9 0 
15° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 0,55 1,72 0,32 
30° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 1 1,52 0,66 
45° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 1,35 1,3 1,04 
60° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 1,68 1,02 1,65 
75° 1,5 / 5 0,25 / 15 1,5 / 5 4Ø10 А500 1,9 0,68 2,79 

Table 8. Тhickness of the middle layer b2 = 17 cm. 

 Material characteristics Moments of crack-
ing 

 

Аngles 
, 

МPа / b1, 
cm 

, 
МPа / b2, 
cm 

, 
МPа / 
b3, cm 

Diameter, 
mm 

Fitting 
class 

MH, 
kN·m 

MV, 
kN·m 

MH / 
MV 

0° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 0 1,7 0 
15° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 0,5 1,55 0,32 
30° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 0,9 1,4 0,64 
45° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 1,25 1,22 1,02 
60° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 1,6 1 1,60 
75° 1,5 / 4 0,25 / 17 1,5 / 4 4Ø10 А500 1,85 0,65 2,85 

 
4. CONCLUSIONS 

In the practice of modern construction, three-layer enclosing structures are used, the layers of 
which consist of concrete with different physical and mechanical characteristics [17-20]. The strength 
and deformation characteristics of contact layers can influence the operation of a three-layer structure. 
To study the stress-strain state of such structures under the influence of loads, numerical methods are 
used, among other things. The studies were carried out on bendable three-layer structural models using 
a middle layer of various thicknesses made of low-strength concrete. The influence of geometric, 
strength and deformation characteristics of layers on the results of calculations of bendable three-layer 
structures has been established. Calculation models have been constructed and formulas for calculat-
ing bendable three-layer reinforced concrete structures have been derived, taking into account the in-
fluence of the geometric, strength and deformation characteristics of the middle layer. The obtained 
research results make it possible to determine rational parameters for the design of three-layer enclos-
ing structures with reinforced concrete layers of different strengths connected to each other by a 
monolithic contact layer. 
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